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ABSTRACT 


There are many generalization of metric space. Parametric metric space is the generalization of metric space too. Which 
was introduced and studied by Hussian (a new approach to metric space) in 2014. In present paper we prove two fixed 


point theorems based on injective mapping using contraction conditions. 
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INTRODUCTION 
General Introduction 
A metric on a nonempty set X is a mapping d: X x X[0. o]satisfying the following properties: 
e d(x, y)=Olfandifx=y 


e d(x, y) = d(y, x) 
e = d(x, y) < dy, z) + d(z, y) ; then the pair (X, d) is said to be a metric spaces. 


The theory of metric spaces is the general theory which covers several branches of mathematical analysis, as real 
analysis, complex analysis, multidimensional calculus, etc. Due to which, existence and uniqueness of fixed points and 
common fixed points has become a subject of great concern. In the recent six decades many authors generalized the 
Banach contraction Principle by moderating the triangular inequality of a metric space as generalized metric space[see 
2,5,7-8,14,22 and references therein], cone metric space[see 9 references therein], b metric space[see 2,3,4,6 references 
therein ], cone b metric space[see9,10,11,14-22 references therein ], rectangular metric space [see 17 references therein ], 
cone rectangular metric space [see 12,17,18 references therein], are some of the generalizations of metric space introduced 
by different authors in past few decades. Analogue Banach contraction principle, Kannan contraction principle, Ciric 
contraction principle and lots of the existing fixed point theorems for various generalized contractions were proved in these 


generalized spaces. 


Most of the generalization of metric space are Hausdorff topology but we can also find generalization of metric 
space which are not necessarily Hausdorff topology (see, ref. [13, 19, 22,]). Tarskian mathematician used non Hausdorff 


topology for programming language semantics used in computer science. 


The purpose of this paper is to prove some fixed point theorems for contraction mapping inparametric metric 


spaces An example is also given to distinguish our results. 
PRELIMINARIES 
Proceeding to our main result, let we furnish some definition, proposition,properties & lemmas needed in sequel. 
1. Let X be a non empty set and d,: X x X x (0, 00) — (0,00) be a map on X such that 
Vx,y,z EX andt>0O 

e 6d,(x, y, t) = 0 if and only if x = y 

e d(x, y, t) = dy, x, t) 

e d(x, y, t) < dy(x, z, t) + d,(z, y, t) 

Then d, is called parametric metric and pair (X, d,) is called parametric metric space. 

e If limn_.(%n, x, t) = 0 > limp. Xn = x , for all t > 0 then sequence {x,}” n=1 converses x € X 

e If limn_..(Xn, Xm, t) =0 for allt > O then sequence {xn}*n=1 is called Cauchy sequence. 

e If every Cauchy sequence is convergent, then parametric metric space (X, d) is a completeparametric metric space. 


Let (X, d) be a parametric metric space and T: X — X be a mapping, then We say T is acontinuous mapping at p 


in X, if for any sequence {xn}* n=1 € X such that logn_,.. Xn = 
xX > 108n 0 TXn = TX . 
DEFINITION 
Let X be a nonempty set, s > 1be a real number and P,: X x X x (0; 1) €[0; 1]; such that 
e Pix, y, t) = 0 if and only if x = y 
e Pix, y, t) = Pyly, x, t) 
© Pix, y, t) < s[Py(x, z,t) +Pi(z,y,t) |] V x,y,z €X andt>Oands>1 
Then, P, is called parametric b-metric on X and (X, P,) is called parametric b-metric spaces. 
The following definitions and results will be needed in the sequel which can be 
MAIN RESULT 


The objective of this paper is to prove some new fixed point theorems in parametric metric space. This paper is divided in 


two sections. In Section I and II we prove theorems on parametric metric spaces. 
SECTION I 
Theorem 2 


Let (X, d) be a complete parametric metric space and Tp: X — X be an injective mapping satisfying the condition 


d(x,Tpx,t) Sor) ( d(x,Tpx,t).d(x,Tpy,t) ) 
(2.1 )d(T,x, Tpy: t) < ad(x, y t) + B ( d{x,y}+d(x,Tpx,t) bat 4 d{x,y}+d(x,Tpx,t)+2 d(y,Tpy,t) 


Vt €[0,1); a, B,y>0;x,y ©X & xF#y have a fixed point if a+ B 2+ y 2 < 1 and moreover a unique fixed 
pointifat+y<l. 


Proof 


Let ssx0 ©X , Define iterative sequence{xn}n=1 © follows: Tpxn = xn+1 for n = 1, 2, 3, .... If for some n, Tpxn = xn, 


then xn is the fixed point. OtherwiseTpxn # xn, using inequality 
A(Xnsv Xn+27 t) = d(T, Xp) TXn+1 t) 


d(x, TXne t). 1 6 ee LXer t) 
. ad ny Fn ) . B ( 1 ¢ oe Ae t) + d(x,,, | t) 
ri Cale ae t). Ais Te isit) 
oe. (eS + d(%n,%naqt) + 2d (%n41/%nyrt) 


d(Xn+1 Xn+2) t) 


A (Xp Xn41t)-d(Xn41Xns2-t) 
See Cae t) + d(Xp X41) 


d(xn, Xn+1 t). d(Xn» Xn+2) t) 
af dle #48) +O Riad) F 2 a iat) 


A (Xn 41 Xn42-€) 


O(X5 Xn sast)-d nsasXaiort) 

< ad(%q,Xn4it) + B Ie 
( A(Xn» Xn+1t).d (Xn Xn+2-t) ) 

ap i 


2.d(%Xn+1t) +2 A(Xn+1/Xn+2,t) 


d n+1»Xn A d nian ,t). 
Ginesrtneart) Sad Sn tnest) +B = =< = *) + r( “ = *) 


B ‘4 
(1 -5) d(Xn+1/%n+2t) < (a +5) dGnXnsat) 


Z 
d t _(e+5) , t 
(Sis %2t) = (Xp) X41 t)S 


Gat) = Kh dG Xux5s 8) 


B 


2 


¥ 
Vt eiiendes* et >at 


(:-4) 


+e <1. Therefore by successive iteration 


d(Xn+1»Xn+2t) s k" d(Xo,x,,t) 


As we know if {xn}n—>0 be a sequence in parametric space(X, d) such that d(xn+1, xn+2, t) < k d(xn, xn+1, t) 
Vt €[0,1) & n=1,2,3, ... then{xn}n— is a Cauchy sequence in (X, d). Since (X, d) is a complete parametric space; 


xn}n—o0 converses. Let x* ©€X , then limn—oo xn — x* . Again Tp is continuous, therefore 
g p 
TpX* = T,(liMysoo Xn) = LIMyso TyXn = X* > Tyx* = x" 
Implies Tp has a fixed point Tpx* = x* in X. 


Now we will show that x* is unique. for that suppose y* is another fixed point therefore Tpy* = y*. Therefore by 


inequality (2.1) we have 


aT, x*,T,y"4) 
oe xT, 2 t).dy Tt) 
a al (Soe + ere) 
‘ ( dix’, Txt) dix. Tyst) ) 
e d(x*,y*,t) + 1 Coe ae oe + 2d(y*,T,,y*,t) 


= ae ae. d(x*,x*,t).d(y*,y*,t) 
a SS 


dG’, z*,t).d(", 9" 2) 
Y\daey td +daxt) +2dgy>b) 


a", y*,t) =ad@*,y'.t) 
d(x*,y*,t) < ad(x"*,y",t) 
=> (1-a)d(x*,y’,t) <0 


=> d(x", y",t) =0 Since a< 1=>x* = y*. Hence T, has a unique point. 


SECTION II 


Theorems 
Let (X, Tp) be a complete parametric b- metric space and Tp: X — X be a orbitally continuous self-map satisfying the 
condition 


d(x,Tpx,t)d(y,Tpy,t) d(x,Tpy,t)d(y,Tpx,t) d(x,Tpx,t)d(x,Tpy,t) 
d(x,y,t) d(x,y,t) 7 2d(x,y,t) 


(3.1)(T,x, Tpy, t) < a Max{d(x,y, t), 
Vteé[01); a >0;x,yEX&x sy anda € [0,1] .then T, has a unique fixed point. 


Proof 


Let x0 ©X, Define iterative sequence {xn}n=1 © follows: Tpxn = xn+1 for n= 1, 2, 3, .... If for some n Tpxn = xn, then 


xn is the fixed point. OtherwiseT pxn # xn, using in equality(3.1) 


A(Xn+1/Xn+2t) = aes TpXnt1 t) 


d(x,, ,t)d 
< a Max {dy X yyy t) Le ote Ans Tynraet) 


d (Xn) Xn+1t) 
d(x, E pXn+1 des T, p*n t) d(x, T, p*n t)d (xp, fe p*n+1 t), 
(Xn Xns1 t) 2d(XnXn+1) t) 

i ae MOTs 1 A Ae A 
<a ea —— eee 
A (Xn Xns2,t)d(Xn41Xn+2t) dn Xnt11 dn ust) 

d(XpsXn+1-t) 20 (XqpXpsait) 

A(X Xn+rt)d(Xnsr%Xns2t) — du xXnsv t){d(x, Xn+vt) + d(Xn4i Xn+2»t)} 

Seneca “Gea MA 


d(xnxXn+it)+d(xn+1Xn+2,t) 
d(Xn+1Xn+2,t) < a Max{(d (Xp, Xn+1-t), d(Xps1- Xns2» t), 0, PY 


=d(XnsaXns2t) < a dX Xps1t) 
Therefore by successive iteration 

A(Xnsa/Xns2-t) < a" d(xq,X,,t) 

A(Xn41Xn+2t) < a” d(xo, x,t) 


As we know if {xn}n—>00 be a sequence in parametric space(X, d) such that d(xn+1, xn+2, t) < an d(x0, x1, t) 


Vt €[0,1) & n= 1,2,3, ... then{xn}n—>0 is a Cauchy sequence in (X, d). Since (X, d) is a complete parametric 


space; {xn}n— converses. Let x* ©X , then limn—o xn — x* . Again Tp is continuous, therefore 
T,X" = Tp (limyseo Xn) = liMpseo TpX%y = X* > Tpx* = x" 
Implies Tp has a fixed point Tpx* = x* in X. 


Now we will show that x* is unique. for that suppose y* is another fixed point therefore Tpy* = y*. Therefore by 


inequality (3.1) we have 


d(T,x*,Tpy’.t) 

ceive 0 KREG BY) Ue yi tdy ast) doa eee ie’.t, 
i a 5. a a 
d(Tpx*, Tpy*,t) 


d(x",.x,0d(yiy"t) dx.y0d(y*.x*.0) d(x*.x*.Od(x",y"t 
< a Maxtalx*,y*,i), (x",x",thdQy*,y",t) d(x*,y*, thd(y*.x",t) d(x*,x*,t)d(x",y*,t) 


d(x*,y*,t) "day. °  2d@,yt) 
d(Tpx",Tpy*,t) < a@ Max{d(x*,y*,t),0,d(x*,y’, t), 0} 

d(x*,y*,t) < ad(x*,y*,t) 

= (1-—a)d(x*,v*,t) <0 


= d(x", y*,t) = 0 Since a > 1 > x* = y*. Hence T,, has a unique point. 
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